Abstract. The theo:y of complex variables is used to develop exact closed-form solutions of the transcendental equation a tan : + tanh : 0.
1. Introduction. As discussed by Leissa [1] and Marguerre [2] , the study of the vibration of elastic plates invariably leads to eigenfunction expansions. In many such cases the required eigenvalues are established as the solutions of transcendental equations. One such problem is that of the dually clamped oscillating plate. Here we seek a solution to (1) We wish here to investigate the transcendental equation (4) a tan + tanh 0, which clearly contains the foregoing as special cases.
2. General analysis: Igl -<-'12. In order to find the real and imaginary solutions of (5) a tan + tanh 0, a (-, c),
we first wish to introduce and study the sectionally analytic function (6)
Here we use the standard notation Log (') to represent the principal branch of the log function, i.e.,
Log (')= In I r] + arg (st), arg (') (-Tr, 7r). 
We use here the convention that Tan-l( (12) to deduce that z2 27r, for a >0, and that A2--67r for a <0. (The special case a 0 clearly is not interesting.) We thus conclude that for a > 0, F(z) has only a zero at infinity; on the other hand, for a < 0 we note that, in general, F(z) has two zeros in the finite plane plus one zero at infinity.
For the special case of a 1, F(z) clearly has only a triple zero at infinity. In order to relate the zeros of F(z) to the desired solutions of (5), let us first deduce the special forms of F(z) for z=x6(-c,-1)(1,) and for z= iy, y (-c, -lal)t3 (lal, ). Evaluating F(z) on that part of the real axis that excludes the cut, we find
On that part of the imaginary at.is that excludes the cut we find (15)
If we now consider a (-, 1), we can deduce from (14) that F(z) has (in addition to a zero at infinity) two real zeros + x0, x0 (1, c 
where X(z) is a canonical solution to the considered Riemann-Hilbert problem and K is a constant to be established. The desired canonical solution X(z)can be constructed from the work of Muskhelishvili [4] ; some care is required, however, to be sure that the "endpoint behavior" is correct. We find The angle defined by (38) is continuous for x (0, 1), with 0k(0)= tan -1 (-la l/ a )/ (2k 2). As y varies from -lal to la], the angle 4k(Y)varies from -Try0, for a <0, and from 0zr, for a>0; we note that 4k(Y)has a discontinuity at y =0.
If we now substitute (36) into (34) and let Iz oo, we find that Kk 2k'rri. Thus we can solve (34) to obtain the explicit result Fk(z) (40) Yk =--iz +2k'rrXk(Z)' a 6(-oo, oo). Equation (40) is valid for any z, and thus can be substituted into (32) to give the remaining real solutions of (5). To obtain a specific form of (40), we can let Izl --> oo to 4. Conclusions. We have successfully found all of the real and imaginary solutions of (5). The real solution corresponding to k 0 is given by (25) and (26a) for a (-1, 0), and the imaginary solutions are given by (25) and (26b) for a e (-oo, 1).
For a >0 there are no real or imaginary solutions corresponding to k =0. For a (-oo, oo) and k 1, 2, 3 , the real solutions of (5) are given by (32) and (41); the imaginary solutions are given by (33). Of course, if is a solution, so is -:.
To be sure that our final results are free of errors, we have evaluated (25), (26), (32) and (41) numerically for various values of a and k; without difficulty solutions correct to six significant figures were obtained.
